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Abstract Many of us are familiar with Feynman’s “proof” of 1948, as revealed by Dyson,
which demonstrates that Maxwell equations of electromagnetism are a consequence of New-
ton’s laws of motion of classical mechanics and the commutation relations of coordinate and
momentum of quantum mechanics. It was Feynman’s purpose to explore the universality of
dynamics of particles while making the fewest assumptions. We re-examine this formulation
in the context of quantum gravity and show how Feynman’s derivation can be extended to
include quantum gravity.

1 Introduction

Feynman’s proof in 1948 of the Maxwell equations has been put on record by Dyson in 1990
[1]. This work by Feynman is a derivation of Maxwell equations assuming only Newton’s
laws of motion and the quantum Heisenberg relation between position and velocity of a sin-
gle non-relativistic particle. We shall re-examine this derivation, extending the proof to the
case when the Heisenberg uncertainty relation in the form of the fundamental commutation
relation is generalized in the context of quantum gravity. Rather than the original form of the
proof employing the variables xi, ẋi , ẍi , and Newton’s second law of motion, we shall find
it more expedient to follow the Lagrangian method of classical mechanics for this purpose,
as described in Sect. 2 of Dyson’s paper. We shall first summarize this derivation below.

We begin with the commutation relations of quantum mechanics

[xj , xk] = 0, m[xj , ẋk] = i�δjk, [xj ,Pk] = i�δjk. (1)

If one defines the vector potential by

Pk = mẋk + Ak, (2)

where ẋk is the velocity of the particle, it then follows that the vector potential satisfies
[xj ,Ak] = 0 which implies that it is independent of velocity and depends only on x, t . Then
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one considers the Lagrange equations

Pk = ∂L
∂ẋk

, Ṗk = ∂L
∂xk

, (3)

where the Lagrangian is L = L(x, ẋ, t). The argument uses the fact that

Ȧk = dAk

dt
= ∂Ak

∂t
+ ẋj

∂Ak

∂xj

. (4)

Integrating the first equation above determines the Lagrangian as

L = 1

2
mẋkẋk + ẋkAk + φ (5)

where φ is independent of velocity. The second equation determines the force as mẍ. Indeed
one obtains

Fj = Ej + εjkl ẋkBl, (6)

which defines the electric and magnetic fields as

B = ∇ × A, E = ∇φ − ∂A
∂t

. (7)

The Maxwell equations

∇ · B = 0, ∇ × E + ∂B
∂t

= 0. (8)

follow immediately. As pointed out by Dyson [1], the other two Maxwell equations

∇ · E = 4πρ,
∂E
∂t

− ∇ × B = 4πJ, (9)

merely define the external charge and current densities and hence are not derived. Feynman
wanted to deal only with the fields and their properties and not the sources. This is the end
of Feynman’s “proof”.

It is important to stress that according to the editorial comment of Dyson [1], “the recently
educated young physicists would say that the result is trivial, that the proof is unnecessarily
complicated”; hence Dyson put the proof in the proper historical context.

It must be pointed out that Feynman’s intent was to make as few assumptions as possible
so that we do not get caught up in the intricacies of the theoretical formulation, with the pur-
pose of exploring the universe of particle dynamics as widely as possible. Feynman’s point
of view was indeed different, as he was exploring possible alternatives to the standard formu-
lation. He wanted to ensure that the starting assumptions were as unrestrictive as possible,
in particular, he was not pursuing any model building. One must admit, as pointed out by
Dyson [1], that there are inconsistencies. The Maxwell equations are relativistically covari-
ant while the Newtonian assumptions used by Feynman are non-relativistic. Yet, according
to Dyson, Feynman’s derivation indeed raises questions but nevertheless worth studying. It
must be further observed that the intent of the approach is certainly not to demonstrate that
the Maxwell equations of classical electromagnetism are a consequence of the fundamentals
of quantum mechanics. Hence it must be observed that Feynman’s intent was rather to under-
stand the connection, if any, between the universe of particle dynamics and the Heisenberg
uncertainty relations of quantum physics.

Accordingly, it is worthwhile to extend Feynman’s derivation to include quantum grav-
ity i.e., include a fundamental length arising from gravity, in order to fully understand the
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connection of particle dynamics and quantum mechanics with Maxwell equations. Such a
connection, if it exists, demonstrates a consistency of premises rather than an argument that
one is a consequence of another. In other words, we address the question: is there a con-
nection between the generalized Heisenberg uncertainty relations of quantum gravity and
classical non-relativistic dynamics, in the sense of Feynman? We shall now examine such
an extension. We shall show that such an extension is rather straightforward.

2 Original Ansatze in the Context of Quantum Gravity

We begin by defining the vector potential by the relation

Pk = mẋk + Ak (10)

where we have the effective momentum on the left hand side, the canonical momentum of
the Lagrangian formulation. The basic premise consists of the following quantum commu-
tation relations

[xj , xk] = 0, m[xj , ẋk] = i�δjk(1 + βPmPm) (11)

together with the quantum commutation relation

[xj ,Pk] = i�δjk(1 + βPmPm). (12)

The parameter β = L2
P /�

2 = G/�c3, appearing in both the above equations is positive and
independent of xi and Pi . It implies a minimum length described by the parameter β , as will
be described later. In particular, equation (12) implies the uncertainty relation

	xj	Pk ≥ 1

2
�δjk(1 + β(	P)2). (13)

This generalized uncertainty relation has appeared in the context of quantum gravity and
string theory and implies that a minimal length should quantum theoretically be described
[2] [3, 4, see additional references contained therein] [5–9] as a minimal uncertainty in po-
sition measurements. The notion of a fundamental length and the connection to quantum
gravity is well-known. For instance, Smith’s text on quantum mechanics [10], the Introduc-
tory chapter contains an account of how to define the fundamental length, fundamental mass
and fundamental time in terms of powers of the fundamental constants �,G and the speed
of light in vacuum c. The only length that can be obtained is defined by

LP =
√

�G

c3
, (14)

and commonly identified as the Planck length. On the subject of detectors of gravitational
radiation, Ohanian et al. [11] illustrate the appearance of δx = √

�τ/m, in terms of τ , the
characteristic time in quantum gravity, which can be expressed as (L/c)2(GE/c2r2) as ex-
plained below. This will accordingly add to the uncertainty in the Heisenberg uncertainty
relation. A thorough discussion and explanation of the basic role played by gravitation in
the cause of a fundamental length in nature is contained in the work of Mead [12, other
references cited therein]. This work also contains a derivation of the uncertainty produced
by quantum gravity. The work of Kempf et al. [5] illustrates the role of a fundamental length
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in the deformed uncertainty relation. The work of Adler et al. [7, 8] establishes the de-
formed uncertainty relation in several rigorous theories of quantum gravity. While it suffices
to quote this reference to Adler’s work rather than describe the details of this connection, it
may indeed be worthwhile to provide a brief summary of this idea.

Let us begin with Heisenberg’s uncertainty relation

	x	p ≈ �, (15)

and introduce the gravitational interaction between the photon and the electron. The photon
behaves as a classical particle with an effective mass equal to E/c2, The electron is in an
experimental region described by a typical size L, inside of which it interacts with the photon
and thus will experience an acceleration due to gravity described by the equation of motion

r̈ = − GE

c2r2
r̂ , (16)

where G is the constant of gravitation and r is the distance between the electron and the
photon. The size L is taken to be a characteristic length describing the system. During this
gravitational interaction, the electron will acquire a velocity and consequently a displace-
ment described by the equations

	v ≈ GE

c2r2

(
L

c

)
, 	x ≈ GE

c2r2

(
L

c

)2

. (17)

Accordingly, the uncertainty in the position of the electron is

	x ≈ G	p

c3
. (18)

We may express this in terms of the Planck length LP , a parameter customarily defined in
quantum gravity by L2

P = G�/c3. Accordingly, the uncertainty in the position of the electron
becomes

	x ≈ L2
P

	p

�
. (19)

Hence the modified uncertainty relation is

	x ≈ �

	p
+ L2

P

	p

�
. (20)

Thus the standard uncertainty relation is modified to include gravity in this manner and we
might refer to this as the extended uncertainty principle.

For the sake of expediency, we shall regard the presence of the additional term
containing the parameter β as due to a deformation as a result of quantum gravity
and a fundamental length so that the case of β → 0 would correspond to the un-
deformed case. We stress that the deformation in (11, 12) are identical. This is in
accordance with Dyson’s [1] formulation where both the commutation relations are
identical and we shall investigate the consequences of this premise. It follows from
(11, 12) that

[xj ,Ak] = 0, (21)
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and this immediately implies that Ak is independent of ẋj and depends only on the coordi-
nate and time. We shall now consider the Lagrange equation

Pk = ∂L
∂ẋk

, (22)

which, upon integration yields the Lagrangian

L = 1

2
mẋlẋl + ẋkAk + φ, (23)

where φ is a “constant” of integration independent of ẋ and depends only on the coordinate
and time. We shall next consider the Lagrange equation

Ṗk = ∂L
∂xk

. (24)

From this it follows that

Ṗk = mẍk + dAk

dt
= ẋl

∂Al

∂xk

+ ∂φ

∂xk

. (25)

This enables us to define the force as

Fk = ∂φ

∂xk

− ∂Ak

∂t
− ∂Ak

∂xl

ẋl + ẋl

∂Al

∂xk

. (26)

We may then define the electric field and the magnetic field as

Ek = ∂φ

∂xk

− ∂Ak

∂t
; dεklm Bm = ∂Al

∂xk

− ∂Ak

∂xl

. (27)

The above equation may be re-expressed as

Bm = εklm

∂Al

∂xk

. (28)

We observe that both the electric and magnetic fields are independent of ẋ and depend only
the coordinate and time as a result of the fact that Ak and φ are independent of the velocity.
This immediately leads to the two Maxwell equations of electromagnetism

∇ · B = 0, ∇ × E + ∂B

∂t
= 0. (29)

We shall adhere to the premise or dictum pointed out by Dyson that the other two Maxwell
equations

∇ · E = 4πρ,
∂E
∂t

− ∇ × H = 4πJ, (30)

can never be derived from other basic principles for the reason that they merely define the
external charge and current densities. The object of Feynman’s approach is to deal with only
the electric and magnetic fields, not the sources.

This concludes the demonstration. We accordingly observe that the derivation a la
Feynman is straightforward as a consequence of the quantum commutation relations as in
(11, 12). In particular, the dependence on the parameter β is absent in this formulation.
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We may re-express the second relation in (27) in the form

∂Aj

∂xk

= 1

2
εmkjBm, (31)

which will be of use later. We shall now examine an alternative formulation of Feynman’s
derivation in the context of quantum gravity.

3 Extended Formulation in the Context of Quantum Gravity

We observe that (11, 12) are simplifying ansatze which restrict the formulation, in view of
(10) and hence needs to be generalized. Accordingly we proceed as follows.

We shall alternatively begin with the commutation relations

[xj , xk] = 0, m[xj , ẋk] = i�δjk, [xj ,Pk] = i�δjk(1 + βP 2). (32)

In this formulation, the fundamental length parameter appears only in the last commuta-
tion relation. If we define the vector potential as before, Pk = mẋk + Ak , we immediately
conclude that

[xj ,Ak] = i�δjkβP 2, (33)

which is now non-zero as long as β �= 0. In other words, we now have Ak = Ak(x, ẋ, t) and
this alters everything. Proceeding as before, we determine the Lagrangian to be

L = 1

2
mẋlẋl + K(x, ẋ, t) + φ(x, t), (34)

where

K =
∫

Akdẋk, (35)

is an indefinite integral generally depending on x, ẋ, t and reduces to ẋk Ak(x, t) only in the
limit β → 0. We next consider the other Lagrange equation, (24) and obtain

Ṗk = ∂L
∂xk

= ∂φ

∂xk

+ ∂K

∂xk

. (36)

Identifying the force as Fk = mẍk , we accordingly obtain the result

Fk = ∂ φ

∂xk

+ ∂K

∂xk

− ∂Ak

∂t
− ∂Ak

∂xl

ẋl − ∂Ak

∂ẋl

ẍl . (37)

We may now calculate ∂ K/∂xk from the definition (35) and obtain

∂K

∂xk

= 1

2
εmkl

∫
Bmdẋl . (38)

From (31) we also obtain the result

∂Ak

∂xl

ẋl = −1

2
(v × B)k. (39)
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Next we need to evaluate (∂Ak/∂ẋl)ẍl . For this purpose, we need to assume the general
functional form of the vector potential. We may assume

Ak(x, ẋ, t) = εkC(x)D(ẋ)G(t), (40)

without loss of generality, where C,D,G are arbitrary functions of the corresponding argu-
ments. This is justified by the fact that x, ẋ, t are independent variables. Assuming a Taylor
expansion of D(ẋ), and upon using the relation

[xj ,D(ẋ)] =
∞∑

r=0

i�m−1δjlr(ẋl)
r−1

∣∣∣∣
(

∂

∂ẋl

)r

D(ẋ)

∣∣∣∣
0

, (41)

we may calculate, taking into account of the relation in (33), and obtain the result

∂Ak/∂ẋl = mδklβP 2. (42)

Gathering the various results, we thus obtain the equation for the force

Fk =
(

∂φ

∂xk

− ∂Ak

∂t

)
+ 1

2
(v × B)k − βP 2Fk + 1

2
εmkl

∫
Bmdẋl . (43)

We now see that the magnetic field in general depends on x, ẋ, t just as Ak does, while the
potential φ depends only on x, t . We may rewrite (43) in the form

(1 + βP 2)Fk = Ek + 1

2
(v × B)k + 1

2
εmkl

∫
Bmdẋl. (44)

This describes the force in the general case when quantum gravity is present, when β �= 0.
We observe that this reduces to the familiar result of Sect. 1 in the limit when β → 0. The
Maxwell equations in the general deformed case are thus in the familiar form but the fields
depend on the velocity in addition to the coordinate and time.

We now ask what the meaning of the dependence of the fields on velocity is. This is
a difficult question to answer, other than to say that it is a consequence of quantum grav-
ity. The coordinate xk refers to the coordinate of particles which are sources of the fields,
ẋk their velocities, and thus the fields might depend on the coordinates and velocities of
the sources. This makes sense since the space in which the fields exist has the curvature
of space-time or the metric determined in general by x, ẋ, t . One might pursue an explana-
tion of the velocity dependence by a further extension of the recent investigations dealing
with the non-commutative geometry framework [13, 14]. However, a formulation involving
the metric tensor which would depend on the coordinate and velocity of the particle would
introduce additional premises in the formulation. We must again stress the importance of
Feynman’s point of view, as stated earlier, i.e., make as few assumptions as possible in the
pursuit of a universal description of the dynamics. Feynman’s purpose was not model build-
ing but try to formulate the universality of the dynamics of particles with minimum number
of assumptions. For instance we cannot assume the general system to consist of harmonic
oscillators because in that case the force is related to the coordinate and we will reproduce
the results of the undeformed case. In fact we should refrain from an extensive use of the
Hamiltonian and the Hamilton’s equations. It thus suffices to simply point out the general
form of the Hamiltonian.
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We know that the Hamiltonian of the system

H = Pkẋk − L, (45)

which in standard electromagnetic theory is described [15] by

H = (mẋk)
2

2m
− φ. (46)

In the case when quantum gravity is present we find from integration by parts,

∫
Akdẋk = Akẋk −

∫
ẋk

∂Ak

∂ẋl

dẋl = Akẋk − mβ

∫
ẋkP

2dẋl, (47)

which shows how the Hamiltonian in general depends on the parameter β . Thus in the case
of quantum gravity, we find the Hamiltonian to be given by

H = (mẋk)
2

2m
− φ + mβ

∫
ẋlP

2dẋl, (48)

which shows the explicit dependence on β . Further analysis in terms of Hamilton’s equations
etc. is of questionable value as stated before.

4 Summary

Feynman’s proof, as revealed by Dyson, is a derivation of Maxwell equations of elec-
tromagnetism, assuming only Newton’s laws of motion obeyed by a particle of classical
mechanics and the quantum Heisenberg relation between position and velocity of a single
non-relativistic particle. As stated by Dyson, this “proof” might be considered as trivial or
incorrect by many physicists. However, one must see Feynman’s demonstration in its proper
historical light. Feynman’s point of view is different, his motivation was to explore as widely
as possible the universe of particle dynamics. His object was to make as few assumptions as
possible. His final conclusion was that there was no new physics, the road was a dead end
and that is the reason for not publishing his results.

In the present work, we have extended this demonstration in a straightforward manner
to include quantum gravity. It is demonstrated that this extension is straightforward. Rather
than present a formulation based on the metric tensor, we have instead taken the point of
view that quantum gravity, as revealed by recent investigations on the subject, can be de-
scribed by a generalization of the Heisenberg commutation relation signified by the parame-
ter implying a fundamental length. We conclude that when Feynman’s derivation is extended
in this manner, one can derive Maxwell equations but the fields depend on the coordinates
as well as the velocities of the sources via the parameter β signifying a fundamental length.
Feynman’s purpose was not to introduce many assumptions with a view to model building
but instead to explore as widely as possible the formulation of particle dynamics with as few
assumptions as possible. We have adhered to Feynman’s cautionary attitude and refrained
from making too many assumptions in this formulation.
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